Int J Theor Phys (2009) 48: 1669-1671
DOI 10.1007/s10773-009-9939-7

A Note on the Extreme Points of Positive Quantum
Operations

Zheng-Li Chen - Huai-Xin Cao

Received: 14 November 2008 / Accepted: 7 January 2009 / Published online: 27 January 2009
© Springer Science+Business Media, LLC 2009

Abstract In this paper, an error in the proof of Theorem 4.9 in Gudder’s paper (Int. J. Theor.
Phys. 47(1):268-279, 2008) is pointed out and it is proved that if £ ~ {E, E,, ..., E,} €
Qpos(H) \ Qpro(H) such that E; € CI\ {0} and E; ¢ CI for some i, jin {1,2,...,n}, then
E ¢ Bxt[Qpos (H)].
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1 Introduction

Recently, Gudder [1, 2] have established mathematical theory of the duality computer pro-
posed by Long in [3, 4].

Let H be a separable complex Hilbert space and let B(H) denote the all of bounded linear
operators on H. An operator A € B(H) is said to be a positive operator if (Ax, x) > 0 for
x € H. An operator P € B(H) is said to be an orthogonal projection if P* = P = P2, where
P* denotes the adjoint of P. Now operators E that satisfy 0 < E < [ are called effects. We
denote the convex set of effects on H by & () and the set of projection operators on H by
P(H).

Recall that a quantum operation on H is an endomorphism £ : B(H) — B(H) of the
form

E(A) =) E,AE}
i=1

where E; € B(H) (1 <i < n) satisfy Z:;l EYE; = I (see [1]). The elements of {E}, E»,
.., E,} are called operational elements of £ and denoted as €& =~ {E, E», ..., E,}. We
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say that a quantum operation £ ~ {E|, E,, ..., E,} is normal, positive, or projective if
all E; are normal, positive, or projection operators, respectively. If E; = ,/p;U; where
U; are unitary operators and p;’s are nonnegative real numbers such that Y i, p; = 1,
then £ ~ {E|, E, ..., E,} is called a unitary quantum operation. Let Q(H) denote the set
of quantum operations on ‘H and Q,(H), Q,,s(H), and Q,,,(H) be the sets of all uni-
tary, positive and projective quantum operations on M, respectively. It is easy to check
that Q(H), Q,(H) and Q. (H) are convex sets, while Q,,.,(H) is not convex. In papers
[1, 2], it was shown that Q,,.,(H) C Q,(H), P(H) = Ext[E(H)], Qpro(H) C Ext[Q,0s(H)],
the elements of Ext[Q, (H)] are precisely those of the form £(A) = UAU* where U is a
unitary operator on . Gudder in [2] proved that If dim ’H < oo, then for every £ € Q . (H)
is a convex combination of elements of Q,,,(H). Also, Gudder in [2] pointed a result (The-
orem 4.9) which says that

Theorem (Gudder [2, Theorem 4.9]) If E ~ {Ey, Ea, ..., E,} € Qpos(H) \ Qpro(H) and at
least one of the E; is invertible, then £ ¢ Ext[Q 05 (H)].

This result seems to be interesting and correct. In the proof given in [2] does not work
well because that the following inequality

[(1+&)ab—e]* <[(1 +e)a” —e][(1 + &)b” —¢] ey
was used [2, p. 278, 17], which is not valid unless a = b! Clearly, the inequality (1) is the
same as 2ab > a® + b?, that is a = b since 2ab < a® + b? is always valid. This implies that
the Gudder’s proof is incorrect. However, we can neither give a revised proof nor find a
counterexample to show that it is not correct.

In this note, we will give a revised of Gudder’s result above and prove that if £ ~
{E\,Ey,...,E,} € Quos(H) such that E; € CI \ {0} and E; ¢ CI for some i,j in
{1,2,...,n}, then £ ¢ Ext[ Q) (H)].

2 Main Results

Theorem 1 If € ~ {E|, E,, ..., Ey} € Qpos(H) \ Qpro(H) such that E; € CI \ {0} and
E; ¢ CI for some i, jin {1,2,...,n}, then £ ¢ Ext[Q s (H)].

Proof We may assume that E; = Al where A > 0 and E, ¢ CI. Take an ¢ such that 0 < & <
(1 4+ &)A2. Clearly,

£(A) =) EAE}
i=1
1 n
=3 [Z V1 —eEAV1 —€¢E! + JEIAJEI:|
i=1

1 n
+5 [Z V1+eE AV 4 ¢Ef — \/EIA\/EI:|
i=1

1 1
==-&(A —&(A
5 1( )+2 2 (A),
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for all A € B(H) where

E1(A) =Y V1 —¢cEAVT—¢E} + Vel AVEI

i=1
£2(A) =Y V1+eEAVI+€E; — el AVEL
i=1

It is easy to check that £; € Q,,(H). To show that & € Q,,,,(H), we put

B=+/(1+e)32 ¢l

Then
&E(A) = iMEiAME;* + BAB*, VA€ B(H).
i=2
Since
ij(«/@&)z + B?

i=2

=(I+8) Y El—(1+o)E} +[(1+e))* el
i=1

=0+l -1+ +[1+e)r%>—¢]l
:I’

we know that &, € Q,,,;(H). Suppose that £;(A) = & (A) for all A € B(H). Then
Y E:AEf=A, VAe€B(H).
i=1

It follows from [5, Lemma 3.2] that E; € CI for all i € {1,2...,n}. This contradicts the
assumption that E, is not in CI. Therefore, £ ¢ Ext[Q ., (H)]. The proof is completed. [
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